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Abstract

The concepts of k-product cordial labeling and edge product cordial labeling were intro-
duced in 2012 and further explored by various researchers. Building on these ideas,
we define a new concept called ‘edge k-product cordial labeling’ as follows: For a
graph G = (V(G),E(G)), which does not have isolated vertices, an edge labeling
f:E(G) — {0,1,...,k—1}, where k > 2 is an integer, is said to be an edge k-product
cordial labeling of G if it induces a vertex labeling f* : V(G) — {0,1,...,k—1}
defined by f*(v) = [luer(c) f(uv) (mod k), which satisfies ‘ef(i) —ef(j)| < 1and

vps (i) — v (])‘ < 1forij € {0,1,...,k—1}, where es(i) and vs: (i) denote the num-
ber of edges and vertices, respectively, having label i fori = 0,1, ...,k — 1. In this paper,
we study the edge k-product cordial behavior of trees, a comet, and a double comet.

Keywords: cordial labeling; edge product cordial labeling; edge k-product cordial labeling;
comet graph; double comet graph

MSC: 05C78

1. Preliminaries

The concept of graph labeling has experienced significant popularity over the past six
decades, owing to its practical applications. A groundbreaking paper addressing graph
labeling problems was published by Rosa [1]. Subsequently, numerous papers on various
graph labeling methods have been published, and Gallian’s survey [2] elegantly categorizes
and organizes these diverse labeling methods published by various mathematicians all
over the world. ‘Cordial labeling’ is one of the popular labelings introduced by Cahit [3].
In 2012, this
concept was extended further, and a new concept called ‘k-product cordial labeling’ [5]

Inspired by this notion, “product cordial labeling” was proposed in [4].

was introduced. In the same year, Vaidya et al. [6] introduced a variation of product
cordial labeling called ‘edge product cordial labeling’. In this variant, the roles of vertices
and edges in ‘product cordial labeling’” are interchanged. Since then, some more results
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on ‘edge product cordial labeling” have been published by the same authors; see [6-9].
Building on this, Thamizharasi et al. [10] demonstrated the existence of ‘edge product
cordial labeling” of regular digraphs in 2015. In the subsequent years, Prajapati and
Aboshady et al. [11-14] contributed additional results on ‘edge product cordial labeling’.
Motivated by the concepts of ‘k-product cordial labeling” and ‘edge product cordial labeling’
and the established results, we put forth a new labeling, namely ‘edge k-product cordial
labeling’, which extends the concept of edge product cordial labeling by expanding the
set of labels from {0,1} to {0,1,2,...,k — 1}. Let G = (V, E) be a graph without isolated
verticesand k > 2. Let f : E — {0,1,...,k — 1} be an edge labeling. The induced vertex
labeling f* : V. — {0,1,...,k — 1} is defined by

f*(w)= ] f(uo) (mod k).
uveE

f* is called the induced labeling of f. For convenience, let Z; = {0,1,...,k — 1} be the
complete residue system modulo k. Also, an edge is called i-edge if it is labeled by i; and
a vertex is called j-vertex if its induced label is j. Let ef(i) and vy« (i) denote the number
of i-edges and i-vertices, respectively, for i € Zj. f is said to be an edge k-product cordial
labeling of G if [e (i) — e (j)| < 1and |vg (i) — vp(j)| < 1fori,j € Zy. Also, G is called an
edge k-product cordial graph.

Let L be a set of labels. For an edge labeling f : E — L of a graph G = (V,E),
if [ef(i) —ef(j)| < 1foralli,j € L, then we say that the edges of the graph labeled by labels
in L evenly (under f).

In this paper, we use this notation, these concepts, and the following definitions unless
otherwise stated.

Definition 1. For n > 1, let P, = uq - - - uy, be the path of order n. For m > 1, let the vertex
set and the edge set of the star graph Ky ,, be {c} U{v; | 1 <i < m}and {cv; | 1 <i < m},
respectively. For m,n > 1, let the graph C(n, m) = P, U Ky ,,, with identifying ¢ with u,. Such a

graph is called a comet [15].

Definition 2. For M > m > 1, let the graph DC(n, M, m) = P, U Ky p U Ky ,,, with the
vertex set and the edge set {u; | 1 < i <n}U{v; |1 <i < M}U{w; |1 <i< m}and
{ujujp1 11 <i<n—1}U{uyv; |1 <i < M}U{wmw; | 1 <i < m}, respectively. Such a
graph is called a double comet [16].

Notation and concepts, which are not defined in this paper, are referred to in [17]. All
graphs considered here are simple and connected.

We use the next section to show the structure of the subtree induced by all edges
labeled by 0 of an edge k-product cordial tree. In the consecutive sections, we investigate
the edge k-product cordial behavior of comet and double comet graphs for k = 3,4, and 5.

2. Properties of Edge k-Product Cordial Trees

Lemma 1. Let f : E — Zj be an edge labeling of a tree T = (V,E), where k > 2. Then
v+ (0) > €f(0) + 1, where f* is the induced labeling of f.

Proof. LetEy = {e € E | f(e) = 0} and Ty = T[Ey], the edge induced subgraph of T. Let w,
p, and g be the number of components, the order and the size of Ty, respectively. Since Tj is
a forest, p = q + w. Since all its vertices are O-vertices, vy« (0) > p =g+ w > ef(0) +1. O
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Corollary 1. Let f be an edge k-product cordial labeling of a tree T of order n, where k > 2. If Eg
is the set of 0 edges under f, then Ty = T[Ey] is a tree and

v (0) = %n l;anO (mod k); er(0) = %n—l z:anO (mod k);
|#]+1 ifn#0 (mod k), %] ifn#0 (mod k).

Proof. Foreachi (0 <i<k—1), wehave

ore(i) = 2 ifn=0 (mod k);

f [#]or|[#]+1 ifn#0 (mod k),

n_for® ifn=0 (mod k);

ef(i) = ”T—l = L%J ifn=1 (mod )k
[%]or |#] +1 ifn#0,1 (mod k).

By Lemma 1, we obtain this corollary. [J

Example 1. Suppose n = 7 and k = 3. Then T contains 7 vertices and 6 edges. We keep all
notation defined in the proof of Lemma 1 and Corollary 2. For any edge 3-product cordial labeling
f.er(0) = ef(1) = ef(2) = 2and vy (i) = 2,3 fori = 0,1,2. From the proof of Lemma 1,
v (0) > €f(0) +w. Since 2 < vs(0) < 3andef(0) +w =2+ w > 3, w = 1 and hence
v (0) = 3.

Lemma 2. Let G be a graph of order k. If k is a prime, then G is not an edge k-product cordial graph.

Proof. Let f be an edge k-product cordial labeling of G. Then vy (i) = 1 fori € Z.
In particular, v« (0) = 1. Suppose there is a 0-edge, then it induces two O-vertices, which
is a contradiction. Suppose there are no 0-edges. Since k is a prime, there is no induced
0-vertex, which is also a contradiction. [

Corollary 2. Let T be a tree of order k. If k is a prime or k = 4, then T is not an edge k-product
cordial.

Proof. When k is a prime, by Lemma 2, T is not edge k-product cordial. For k = 4, let f be
an edge 4-product cordial labeling of T. Then e¢(i) = 0,1 and v« (i) = 1 for each i. Let u
be the 0-vertex. By Lemma 2, there is no 0-edge in T. Thus, e¢(i) = 1for 1 <i < 3. This
results in v« (2) = 2, which is a contradiction. [

3. Edge 3-Product Cordial Trees

In order to establish the edge 3-product cordial behavior of the comet, we prove the
following two lemmas.

Lemma 3. The path graph P, is an edge 3-product cordial for n > 4.

Proof. We define an edge labeling f, for P, recursively, and this labeling is represented
by (ai,...,a,-1) if fu(uju;1) = a;, 1 <i < n—1. We will use this representation for a
labeling f,, of P, in the whole paper.

The edge 3-product cordial labeling for P, 4 < n <9, is shown in Table 1.
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Table 1. Edge 3-product cordial labeling for P,;, 4 <n <9.

n fu er, (00  ep (1) e (2) | vp(0)  vpA) vp(2)
I 120 1 1 1 2 1 1
5 (1,1,2,0) 1 2 1 2 2 1
6 1,2,2,1,0) 1 2 2 2 2 2
7 (1,2,2,1,0,0) 2 2 2 3 2 2
8 1,2,2,1,1,0,0) 2 3 2 3 3 2
9 12211200 | 2 3 3 3 3 3

For n > 10, define f, recurrently as f, = f,_iv6 = (1,2,2,1,a1,...,a4,,_;-1,0,0),
where 0 <i < 5and m > 9. Note that a; = 1. Clearly,e;, .. (j) = ef, ,(j )+2 v () =

Ofs (j)+2,0<j<2 where f, ;= (ay,...,ay,_i_1). Thus,

—i+6

ef,(0) = ef, (1) = ¢, (2) = gJ 07 (0) =1 =05 (1) = 05 (2 gJ ifn=1 (mod3);
er,(0) =ef (1) —1=¢£(2) = {gJ, 05 (0) =1 =05 (1) = 1=10vp (2 {gJ ifn=2 (mod 3);
ef,(0) +1=res (1) =ef,(2) = g 0 (0) = v (1) =0 (2) = g ifn=0 (mod 3).

Hence, f, is an edge 3-product cordial labeling of P,. Note that f;;(u;) = 1 and
f*(up) =0. O

From [18], we have the following result.
Lemma 4. The star graph Ky ,, is an edge 3-product cordial for m > 3.

Definition 3. Suppose G and H are the two edge-disjoint graphs with edge labelings g and h,
respectively. We say that ¢ is a combination of g and h (or combine g with h) if

st ifxeE@),
o) = {h(x) ifx € E(H).

Theorem 1. The comet graph C(n, m) is edge 3-product cordial for n > 3 and m > 2.

Proof. Note that C(n,m) = P, UKy ,,. Let ¢ = u,,. We label P, by f,,, which was defined in
the proof of Lemma 3. Define labeling g,,, m = 2,3, 4, for Ky ,,, as follows:

A.  Supposen =1 (mod 3).
If m =2, then g»(cvy) =1, ga(cvp) = 2.
If m = 3, then g3(cvy) =1, g3(cv2) = 2, g3(cv3) = 0.
If m =4, then gu(cvy) =1, ga(cv2) =2, ga(cv3) =0, ga(cvg) = 1.
B.  Supposen =2 (mod 3).
If m =2, then g»(cvy) =0, g2(cvp) = 2.
If m = 3, then g3(cvy) =1, g3(cv2) = 2, g3(cv3) = 0.
If m =4, then ga(cvy) =1, ga(cvp) =2, ga(cv3) =0, ga(cvy) = 2.
C.  Supposen =0 (mod 3).
If m =2, then g»(cvy) =1, g2(cvp) = 0.
If m = 3, then g3(cv1) =1, g3(cv2) = 2, g3(cv3) = 0.
If m =4, then g4(cv1) =1, ga(cvp) =2, ga(cv3) =0, ga(cvy) = 0.
Let ¢ be the combination of f; and g,. We can check that es(1) > eg(2) > e4(0) and
ep(1) —ep(0) < 1,04+ (0) > vy (1) > vy (2) and v« (0) — vy (2) < 1.
Note that C(n,m) = C(n,m — 3) U Kj 3 with the common vertex u,. If ¢ is an edge
3-product cordial labeling of C(1n,m — 3), m > 5, then combine ¢ for C(n, m — 3) and g3 for
Kj 3 to obtain an edge 3-product cordial labeling for C(n,m).
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This completes the proof. [

Example 2. Here is an example to illustrate the proof of Theorem 1. Suppose n = 5and m = 7.
Firstly, we label C(5,4). According to the labeling defined in the proof above, we have the follow-

ing labeling (Figure 1):

Figure 1. Edge 3-product cordial labeling of C(5,4).

Here we can see that ey(0) = 2, ep(1) = ep(2) = 3; vy (0) = vy (1) = vy (2) = 3. Now,
we combine the labeling g3 of Ky 3 to the labeling ¢ of C(5,4). We have (see Figure 2)

Figure 2. Edge 3-product cordial labeling of C(5,7).

Here we can see that the number of 0-edges is 3, the number of i-edges is 4,1 = 1,2, and the
number of j-verticesis 4,0 < j < 2.

Remark 1. By Lemma 3, C(n,0) = P, when n > 4 and C(n,1) = P,,1 when n > 3 are edge
3-product cordial graphs. Again by Lemma 4, C(1,m) = Ky ,,, for m > 3 and C(2,m) = Kj 41
for m > 2 are edge 3-product cordial graphs.

Also, note that under the labeling defined in Lemma 3, the vertex u is always a 1-vertex and
uy, is always 0-vertex.

Consequently, if C(n,m) is not isomorphic to Py, P, or Ps, then C(n, m) admits an edge
3-product cordial labeling ¢ such that ¢p(uq) = 1 and ¢p(u,) = 0.

Theorem 2. The double comet graph DC(n, M, m) is edge 3-product cordial for n > 2 and
M>m>2.

Proof. Let S; = Kjp with the center u, and S; = Kj, with the center u;. Then
DC(?Z, M, m) =P,US1US,.
For 2 < g < 5, we label the edges of S; = Kj,; and the selected edges of S1 by 0,1,2
evenly as shown below and denote this labeling by «.
1. Wheng =2, a(ujwy) = a(ugwy) =1, a(uyoym) = a(uyop—1) = 0 and a(u,op_2) =
a(Uupvp—3) = 2.
2. Wheng =3, a(mqywy) =1, a(mywy) = a(ugws) = 2, a(u,vp) = a(uyopy_1) = 0and
a(upvp—p) = 1.
3. When g = 4, a(rqwy) = a(mwy) = 1, a(mqwsz) = a(mqwy) = 2, a(uyoy) =
a(uzopm—1) =0.
4. When g = 5, a(uqwy) = a(mqwr) = a(mqws) = 1, a(uyws) = a(mqws) = 2,
a(upgop) = a(upop—1) = a(upyop_2) = 0and a(uyvp_3) = 2.
Note that a*(u7) = 1 and a* (1) = 0. Also, v+ (0) = v+ (1) = v4+(2) + 1.
Now, consider m = 4p + g, where 2 < g < 5and p > 0. We split S, into Kig and
Ki,4p with the common vertex u;. We label Kj 4, and the selected edges of S; by « as
defined above, and all the edges of Ky 4, by 1 and 2 evenly. Again, we label the edges of an
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unlabeled subgraph of S1, which is isomorphic to Ky 5, by 0. We denote this labeling by «a.
Then we have a*(11) = 1 and a*(u,) = 0; v4+(0) = v4+(1) = v,+(2) + 1; and all e, (i) are
the same for 0 <i < 2.

Here, the unlabeled subgraph, say H, of DC(n, M, m) is isomorphic to C(n, M —2p —€),
where € = 2, 3,4, which depends on 4. That is,

1. Whenq=2H=CnM-2p—4)if M—2p—4>0.
2. Wheng=3 H=C(nM-2p-—23).
3. Wheng=4,H=C(nM-2p—2).
4. Wheng=5H~C(nM-—2p—4).

If M —2p — € > 2, then by Theorem 1 there exists an edge 3-product cordial labeling ¢
for H. Note that v,«(0) — 1 = v+ (1) = 1 = 04+ (2), a* (1) = 1, a*(uy) = 0 and ¢p* (u1) = 1.
When we combine a with ¢, the number of j-vertices (0 < j < 2) are vy+(0) + v4+(0) — 1,
g+ (1) 4 va+ (1) — 1 and v+ (2) 4 04+ (2). So the combination of & and ¢ results in an edge
3-product cordial labeling for DC(n, M, m).

The detailed labeling for receiving edge 3-product cordial of DC(n, M — 2p — €) for
M —2p — e <1 are moved to Appendix A. This completes the proof. [

Example 3. The following Figure 3 illustrates the proof of Theorem 2.

Figure 3. Illustration of edge 3-product cordial labeling of DC(7, 8, 6).

We combine « and ¢ to get an edge 3-product cordial labeling for DC(7,8,6).

4. Edge 4-Product Cordial Trees

We begin this section with the necessary condition on the number of vertices and
leaves for a tree to admit an edge 4-product cordial labeling.

Theorem 3. Let T be a tree with n vertices, and S be the set of all the leaves of T. If T is an edge
4-product cordial graph, then

|S|>{L
|

Moreover, the bound is sharp.

| ifn=0,1 (mod 4),
| -1 ifn=23 (mod4).

L SR N

Proof. Let f be an edge 4-product cordial labeling of T, and E; be the set of edges labeled
by i, where i = 0,2. Let T; = T[E;]. By Corollary 1, Ty is a tree and v+ (0) = ef(0) + 1 =
|V(Tp)|. This implies that each vertex in V(T) \ V(Tp) is not labeled by 0.

Now, consider forest T. If v € V(T3), then f*(v) = 0,2; and if v ¢ V(T3), then
f*(v) #2.Ifv € V(Tp) and f*(v) =0, thenv € V(Ty) NV(Tp) = Ap. If f*(v) = 2, then
degr, (v) = 1.
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Let 1101, ..., 1,0, be the edges in E; such that u; € V(Tp) and v; € V(T),1 <i <gq.
Note that v; are distinct, but u; may not be distinct. Then, there are e(2) — g edges in
E,, and their end vertices are labeled by 2. Then vs:(2) = g +2(ef(2) — q) = 2¢f(2) — g,
equivalently g = 2e7(2) — v+ (2).

(1) Ifn =0 (mod 4), then v (i) = j foralliand ef(0) = § — 1. Thus, ef(2) = | =
ef(1) = ef(3). Therefore, g = .
(2) Ifn =1 (mod4), then ef(i) = [7] for all i, and vy (0) = [} + 1. Therefore,
vp (i) = | ] fori=1,2,3. Hence, g = [} .
(3 Ifn=2,3 (mod 4), then g = 2e¢(2) — vy (2) > 2| 4| — (|4] +1) = [§] - L
We merge the tree Tj into a vertex r to receive the resultant graph T’. Then T’ is a
rooted tree with root r and deg/ (r) = 4. So T’ has at least g leaves, which are also the leaves
of T. Since S is the set of all leaves of T and T contains at least g leaves, |S| > q. Hence,

5] > 1] ifn=0,1 (mod 4),
| 2] -1 ifn=23 (mod4).

B R

O

The following remark demonstrates that the bound in Theorem 3 is sharp.

Remark 2. If P, is an edge 4-product cordial, then

- 9 ifn=0,1 (mod 4),
n
|15 ifn=2,3 (mod 4).

Clearly, Py, P53, and P, are not edge 4-product cordial graphs. An edge 4-product cordial labeling for
P,, 5 < n <15, is shown in Table 2.

Table 2. Edge 4-product cordial labeling for P,;, 5 < n < 15.

n Label the Edges in Order v(0) v(1) v(2) v(3)
5 2,03,1 2 1 1 1
6 2,02,3,1 2 1 2 1
7 2,02,1,3,3 2 1 2 2
8 2,02,1,3,3,1 2 2 2 2
9 2,00,2,1,3,3,1 3 2 2 2
10 2,00.2,1,3,3,1,3 3 2 2 3
11 2,00,2,3,3,1,1,3,1 3 3 2 3
14 2,00,0,2,1,3,3,1,1,3,3,2 4 3 4 3
15 2,0,0,0,.2,1,3,3,1,1,3,3,1,2 4 3 4 4

Corollary 3. Py, is an edge 4-product cordial if and only if n € {5,6,7,8,9,10,11,14,15}.

Note that in the following lemmas and corollary, all the induced vertex labelings work
in the complete residues class modulo 4, Z.

Lemma 5. Suppose Sy and Sy are the trees such that V(S1) NV (Sp) = {x}. Let the order of
S1 and Sy be a and b, respectively, such that 2n < a < b < 2n+ 1 for some positive integer
n. Let f : E(S1) — {0,2} and g : E(S2) — {1,3} be the edge labeling, which satisfy the
following conditions:

(1) 0<efr(2) —ef(0) <1and 0 < vy (2) —vp:(0) < 1;

(2)  leg(1) —eg(3)| < Land |vg (1) —ve-(3)| < 1;

(3)  g*(x) =Lonlyifvg (1) < vg (L), where {£, {1} = {1,3}.
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Let ¢ be the combination of f and g. Then ¢ is an edge 4-product cordial labeling of S1 U Sy.

Proof. Suppose the order of S; is 2n. Then the order of S; is either 2n or 2n + 1. Thus,
by conditions 1 and 2, we obtain |eg (i) — es(j)| < 1foralli # j.

Since f*(x) = 0 or 2, we have ¢*(x) = f*(x)¢*(x) = f*(x). Thus, the number of
0-vertices and 2-vertices does not change, and they are equal to #.

If the order of Sy is 2n + 1 and g*(x) = 1, then vg« (1) = n + 1 and vy« (3) = n. Hence,
vg+ (1) = n and vy (3) = n.

If the order of Sy is 2n + 1 and g*(x) = 3, then vg: (1) = n and v¢+ (3) = n + 1. Hence,
vy (1) = nand vy (3) = n.

If the order of Sy is 21, then vg+ (1) = v¢+(3) = n. Hence, vp:(1) = n—1 and
vy (3) = nif g*(x) = 1, vg+(1) = nand vy (3) = n — 1if g*(x) = 3.

Suppose the order of S; is 2n + 1. Then the order of S, is 2n + 1. By conditions 1
and 2, the number of i-edges are n under ¢ for 0 < i < 3. In this case vg+(¢) = n+ 1 and
vg+(£1) = n, where g*(x) = £ and {/, (1} = {1,3}. Similarly, we have vy (2) = vp(1) =
vg+(3) =nand vy« (0) =n+1. O

Lemma 6. Let ¢ : E(T) — {1,3} be an edge labeling of tree T of order n, which satisfies the
condition (2) of Lemma 5, then n # 2 (mod 4).

Proof. Let Ej be the set of all 3-edges in T, and let T3 = T|[Ej3]. Since any 3-vertex must be
incident to three edges, all 3-vertices are in T3. Also, each 3-vertex is of odd degree in T3.
Thus, vg: (3) is even. Hence, 1 = vg+(3) + vg+ (1) = vg+(1) (mod 2). If v« (1) is odd, then
n#2 (mod 4). If v« (1) is even, then vg: (1) = vg+(3). Hence, n =0 (mod 4). O

By Lemma 5, we have the following corollary.

Corollary 4. Suppose Sy and Sy are the trees such that V(S1) NV (Sy) = {x}. Let the order of
Sy be 4k + 1 or 4k + 2 and the order of Sy be 4k + 2, where k > 1. Let f : E(S1) — {0,2} and
g E(S2) — {1,3} be the edge labeling, which satisfy the following conditions:
@  0<ep(2) —ef(0) <T1and0<vp(2) —vp(0) < 1;
b g (x) =4
(c) leg(1) —eg(3)] < 1and vgs(€) —vg (£1) = 2, where {£, (1} = {1,3}.

Let ¢ be the labeling of S1 U Sy by combining f and g. Then ¢ is an edge 4-product cordial
labeling of S1 U Sy.

A vertex that satisfies the condition (3) in Lemma 5 or the conditions (b) and (c) in
Corollary 4 is called a major vertex under g.

Lemma 7. Ifn # 2 (mod 4) and n > 3, then there exists a labeling g : E(P,) — {1,3} that
satisfies the condition (2) of Lemma 5. If n = 2 (mod 4) and n > 2, then there exists a labeling
g+ E(Py) — {1,3} that satisfies the condition (c) of Corollary 4.

Proof. We label the edges of a path P, by 1,3,3,1 evenly and denote this required labeling
byg. O

Lemma 8. If m+n # 2 (mod4) and n > 3, m > 1, then there exists a labeling
¢ E(C(n,m)) — {1,3} that satisfies the condition (2) of Lemma 5. If m +n = 2 (mod 4) and
n >3, m > 2, then there exists a labeling ¢ : E(C(n,m)) — {1,3} that satisfies the condition (c)
of Corollary 4. Moreover, uy is the major vertex under g.
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Proof. We will define a labeling g : E(C(,m)) — {1,3} by the following approach. We first
suitably label the edge u,v; for 1 < i < m. And then label the edge of the path u,u,_1 - - - u3.
There are four cases. We put the details in Appendix B. Hence, we have the theorem. [

Now, we consider the comet graph C(#n, m), which has m + 1 leaves. From Theorem 3,

we have
3m+4 ifm+n=0 (mod4);
3m+5 ifm+n=1 (mod4);
3m+10 ifm+n=2 (mod 4);
3m+11 ifm+n=3 (mod 4).
When n = 1,2, we have C(n,m) = Kj j,+,—1, which is a star. It is easy to check that
K1 y4+m—1 is edge 4-product cordial when n +m > 5.

Theorem 4. For n > 3, the comet graph C(n, m) is edge 4-product cordial if and only if

3m+4 ifm+n=0 (mod 4);

4 < 3m+5 ifm+n=1 (mod 4);
~|3m+10 ifm+n=2 (mod 4);
3m+11 ifm+n=3 (mod 4).

Proof. The necessary part is shown in the discussion above. Now we have to show the
sufficient part. Let N = | " |. We can check that N < m +1whenm +n =0,1 (mod 4);
and N <m+2whenn+m=2,3 (mod 4).

We split the graph C(n, m) into two subgraphs, S; and S, with a common vertex x.
Then, we define the labelings f and g for S; and Sy, respectively, such that f and g satisfy
all the conditions of Lemma 5 or Corollary 4. The details are referred to Appendix C.

Hence, we have the theorem. [

Example 4. Edge 4-product labelings for C(9,2), C(8,3), and C(5,6) are shown in Figure 4.

5 S ,

2 . >

OO O5 0500 @, GO
2
-

Figure 4. Edge 4-product labelings for C(9,2), C(8,3), and C(5,6).

Example 5. Edge 4-product labelings for C(10,2), and C(5,7) are provided in Figure 5.
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Figure 5. Edge 4-product labelings for C(10,2) and C(5,7).

Example 6. Edge 4-product labelings for C(16,2) and C(17,2) are shown in Figure 6.

Figure 6. Edge 4-product labelings for C(16,2) and C(17,2).

Remark 3. Suppose T is a tree of order 4N + k, which admits an edge 4-product cordial labeling
f, where 0 < k < 3. Let E; be the set of edges labeled by i, where i = 0,2 and H = T[Ep U Ey).
By Theorem 3 we obtain the following results.

(A) Ifk=0,1, then g = N. Thus, H is a tree that has at least N leaves.
(B)  Ifk =23 thenq > N—1. Clearly, g < N+ 1. Also, we have ef(0) = N and

vp(0) =N+ 1.

Bl.  Suppose q = N + 1. Clearly, ef(2) = N+ 1and vp(2) = N+ 1. Then Hisa
tree of order 2N + 2 that has at least N + 1 leaves.

B2.  Suppose q = N. Recall that q = 2e7(2) — vy«(2). Since vy(2) < N + 1, we have
ef(2) < N+ 3. Thus, ef(2) = Nand vy (2) = N. Then H is a tree of order
2N + 1 that has at least N leaves.

B3.  Suppose ¢ = N —1. Since vy(2) < N+ 1, we have ef(2) = N and
v+ (2) = N+ 1. Then H is a disjoint union of a tree T' of order 2N with P;.
Moreover, T' has at least N — 1 leaves.

Theorem 5. Supposen > 2, M > m > 2and M+ m+n = 4N + k, where 0 < k < 3.

A. When k = 0,1. The graph DC(n, M, m) is an edge 4-product cordial if and only if M >
N -1
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B.

When k = 2,3. The graph DC(n, M, m) is an edge 4-product cordial if and only if M >
N -2

Proof. Suppose there is an edge 4-product cordial labeling f for T = DC(n, M, m). Let H

be the edge-induced subgraph defined in Remark 3.

(A)

(B)

Suppose k = 0, 1. By Remark 3, H is a tree of order 2N + k that has at least N leaves.
Suppose m < M < N —2. Then N = M+”‘4+”_k < ZMZ”_k < 2N_44+”_k. Thus, n >
2N +k+4 > 2N + 4. Since H has at least N leaves, we have H = DC(n, My, m),
where M1 + mq > N. But the order of H is at least 3N + 4, which is a contradiction.
Thus, if M < N — 2, then DC (n, M, m) is not an edge 4-product cordial graph.
Suppose k = 2,3. Then ef(0) = N and v (0) = N + 1.

1.

Suppose g = N + 1. Then H is a subtree of DC(n, M, m) of order 2N + 2 that
has N + 1 leaves. Suppose m < M < N — 1. Similarly to Case A, we obtain a
contradiction. Thus, if M < N — 1, then DC(n, M, m) is not an edge 4-product
cordial graph.

Suppose ¢ = N. Then H is a subtree of DC(n, M, m) of order 2N + 1 that
has N leaves. Suppose m < M < N — 2. Similarly to Case A, we obtain a
contradiction. Thus, if M < N — 2, then DC(n, M, m) is not an edge 4-product
cordial graph.

Suppose g = N — 1. Then H is a disjoint union of a tree T’ of order 2N with P;.
Moreover, T’ has at least N — 1 leaves. Thus, T" must be a comet C(n1, m7 ) such
that n; +my; = 2N and m; > N — 2. Thus, if M < N — 3, then DC(n, M, m) is
not an edge 4-product cordial.

Consequently, if DC(n, M, m) is an edge 4-product cordial, then M > N — 1 when

n+M+m=0,1 (mod4);and M > N —2whenn+ M+ m =2,3 (mod 4).

For the sufficient part, we split the graph DC(n, M, m) into two subgraphs S; and S,

with one or two common vertices. We label S; by 0 and 2, and S, by 1 and 3, respectively,

such that these labelings induce an edge 4-product cordial labeling for DC(n, M, m).

Since M,n > 2, we have M +n > W—I—% > %‘Fk—i-l :2N+1+§. This

guarantees that the comets S; and S, defined below are well-defined. The details are

referred to Appendix D.

This completes the proof. [

Example 7. Edge 4-product labelings for DC(14,3,2) and DC(15,2,2) are shown in Figure 7.

Figure 7. Edge 4-product labelings for DC(14,3,2) and DC(15,2,2).
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5. Edge 5-Product Cordial Trees

In order to prove the main theorems, first we prove the following lemma. Note that,
by Lemma 2, the path Ps is not an edge 5-product cordial.

Lemma 9. The path graph Py, is an edge 5-product cordial for n > 3 and n # 5.

Proof. We define an edge labeling f,, for P, recurrently, and this labeling is represented by
(a1,...,a0-1) if fu(ujuiq) =a;,1<i<n-—1

We present the edge 5-product cordial labeling for P, 3 < n < 12, except n = 5 in
Table 3.

Table 3. Edge 5-product cordial labeling for P, 3 < n < 12, exceptn = 5.

n f,, O fx (0) O fx 1) O fx (2) Ofx (3) Ofx 4)
3 (3,2) 0 1 1 1 0
4 (1,2,4) 0 1 1 1 1
6 (3,2,1,4,0) 2 1 1 1 1
7 (1,3,2,1,4,0) 2 2 1 1 1
8 (1,1,3,3,4,2,0) 2 2 1 2 1
9 (1,24,1,4,3,2,0) 2 2 2 1 2
10 1,3,34,4,2,2,1,0) 2 2 2 2 2
11 (1,3,3,4,/4,2,2,1,0,0) 3 2 2 2 2
12 1,3,34,4,22,1,1,0,0) 3 3 2 2 2

For n > 13, we define f, recurrently as f, = f,,—it10 = (1,3,3,4,4,2,2,1,a4,...,4,,i1,0,0),
where0 < i < 9andm > 12. Whenm —i > 7, we have iy = 1 and a,,_;_1 = 0. Thus,

efmfi+10 (]) = efm—i (]) + 2’ vf;,fprlo (]) = vf:;;fi (]) + 2’ 0 S ] S 4

0) = 3, Uf1*3(1) = 3, Uf1*3(2) = 2, vff3(3) = 3, Ufl*3(4) =
0) = 3, Z)f&(l) = 3, ZJf1*4(2) = 3, Uf1*4(3) = 3, Uf]*4(4) =
j)=3forall0 <j <4

0) =4and vp; (j) =3foralll1 <j <4

Form—i:3, Z)f]*s 2.
Form—i:4, Z)f]*4 2.
Form—i= 5, Uf]*s

Y~~~

Form —i =26, O

Thus, f, is an edge 5-product cordial labeling of P, for n > 6. Moreover, f3 and f are
the required labelings for P; and Py, respectively.
This completes the proof. [

Theorem 6. The comet graph C(n,m) is an edge 5-product cordial for n > 3 and m > 2,
except (n,m) = (3,2).

Proof. Let m = 5k 4 r, where 0 < r < 4. In order to obtain an edge 5-product cordial
labeling of C(n, m) forn > 3 and m > 2, except for (n,m) = (3,2), we split C(n, m) into two
subgraphs, Kj 5, and C(#n,7), with a common vertex u,. Note that when k = 0, K; 5, does
not appear; when r = 0, C(n,r) = P,. For the last case, it has been proved in Lemma 9.

First, we label P, by using f,,, which is defined below. For 1 < r < 4, we label K; , to
balance the number of i-edges and i-vertices, as shown in Table 4.

For n > 13, we label f, = fy,+10 = (1,3,3,4,4,2,2,1, f,0,0), where m > 3. Then the
difference between the number of i-edges and j-vertices does not change forall 0 <i,j < 4.
Hence, according to the table above, we have an edge 5-product cordial labeling for C(n,r),
wheren >3and 1 <r <4.

For k > 1, we label the edges of K; 5, by 0, 1, 2, 3, and 4 evenly and denote this labeling
by ¢. Thus, ¢ is an edge 5-product labeling for C(n, 5k + r) for n > 3 and 5k 4+ r > 2, except
for (n,m) = (3,2). By Corollary 2, C(3,2) is not an edge 5-product cordial graph. This
completes the proof. [
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Table 4. Edge labeling for P;, 3 <n <12and Ky,, 1 <r <4.

n | fu Priority for Numbers Added to Ky,
3 [ (13) 42,01
4 | (321 40,12
5 13214) 01,23
6 | (3214,0) 12,34
7 | (1,3214,0) 2,34,0
8 | (1,1,334,2,0) 2,403
9 | (1,24,1,432,0) 3,0,1,2
10 | (1,3,34,42,2,1,0) 01,23
11 | (1,3,34,42,2,1,0,0) 12,34
12 | (1,3,34,4,2,2,1,1,0,0) 2,34,0

Example 8. For the comet C(10,13), we separate it into two edge-disjoint graphs, C(10,3) and
K1 10. From the table above, we label P1yas 1,3, 3,4, 4, 2, 2, 1, 0, and label the edges of Ky 3 by
0,1, and 2. The resulting labeling is an edge labeling for C(10,3). The numbers of 1-and 2-edges
are 3, and the numbers of 0-, 3- and 4-edges are 2. The numbers of 0-, 1-, and 2- vertices are 3, and
the numbers of 3- and 4- vertices are 2.

Finally, we label the edges of K; 19 evenly by 0,1,2,3,4. We obtain three 0-vertices and two
i-vertices, where 1 < i < 4. The centers of Kj 19 and K; 3 will be merged; thus, we obtain an edge
5-product cordial labeling ¢ for C(10,13). We can check that ey(0) = 4, ep(1) = 5, ¢4(2) = 5,
ep(3) =4, ep(4) = 4;v4+(0) = 5,4+ (1) = 5, v4+(2) = 5, v4+(3) = 4, vy (4) = 4.

Theorem 7. The double comet graph DC(n, M, m) is an edge 5-product cordial for n > 2 and
M>m>2.

Proof. Let S; = Kj )1 with center 1, and S, = Kj ,, with center u;. Then DC(n, M, m) =
P,US1US,.

We define an edge labeling « for S, and the selected edges of S; by 0,1,2,3,4 evenly.
Consider m = 3p + q, where 0 < g < 2. First, we assume p > 1.

1. For g = 0, we label the edges of S, by 1, 2, 3 evenly and p, p edges of S; by 0,4,
respectively.

2. Forq =1, welabel p —1,p,p,2 edges of Sy by 1,2, 3,4, respectively, and p,p — 2,1
edges of 51 by 0,4, 1, respectively.

3. Forq=2,welabel p,p,p,2edges of Sp by 1,2,3,4, respectively, and p, p — 2 edges of
51 by 0,4, respectively.

Note that a*(u1) = 1. Also e,(i) = p for all i and v, (0) — 1 = v+ (1) — 1 = v+ (j) for

2<j<4
Now the unlabeled edges form C(n, M — 2p + €), where

0 ifg=0,
e=4q1 ifg=1,
2 ifg=2.

Hence, M —2p +€ > p+q+ € > 2 except for M = m = 3. By Theorem 6, there is an edge
5-product cordial labeling for C(n, M —2p +¢€) for M —2p +¢€ > 2.

For M =m =3,C(n,1) = P,y1 = uy - - - uyv3. We label this P, 1 by the labeling f,,+1
defined in Lemma 9. Now we check the number of i-vertices.

Before labeling P,.1, we have a*(v1) = 0 = a*(uy), a*(v2) = 4, a*(wy) = 1,
a*(wyp) =2, a*(w3) = 3and a*(u1) = 1. Suppose n+ 1 > 7. After labeling P, 1, the vertex

uy is still 0-vertex and the vertex u; changes from 1-vertex to f;" ; (u1). Thus a*(u,) = 0

+1
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and a*(u7) = 1 do not count towards the number of 0-vertices and 1-vertices. Thus,
the combined labeling is an edge 5-product cordial labeling for DC(#,3, 3).

For n +1 = 3,4,5, the required labeling is shown in the following example.

Suppose m = 2. If M > 3, then a(ujw;) = 2, a(uqwy) = 3, a(uyv1) =0, a(uyvp) =1
and a(u1v3) = 4. The unlabeled edges form C(n, M — 3). The argument is similar to the
cases above. If M = 2, let a(uywy) = 2, a(uywy) = 3, a(uyv1) = 1, a(uyvy) = 4 and
a(ujuz) = 0. The unlabeled edges form P,_;. If n = 2, then we have an edge 5-product
cordial labeling for DC(2,2,2). If n = 3, then label u1u; by 1. We have an edge 5-product
cordial labeling for DC(3,2,2). If n > 4, then the labeling is the sameas M = m = 3. [

Example 9. An edge 5-product cordial labelings for DC(n,3,3), where n = 2,3,4,5 are shown
in Figure 8.

Figure 8. Edge 5-product labelings for DC(2,3,3), DC(3,3,3), DC(4,3,3), and DC(5, 3, 3).

6. Conclusions

The notion of edge k-product cordial labeling was introduced only in the year 2025,
and the authors showed that star, bistar, and path unions of star graphs admit edge k-
product cordial labeling. They also investigated the edge k-product cordial behavior of the
shadow and the splitting graph of a star. In this work, we further explore the relationship
between the number of edges and vertices labeled with 0 in edge k-product cordial trees
and investigate the edge k- product cordiality of trees of order k. Also, we establish the
edge k-product cordial properties of comet and double comet trees for k = 3,4, and 5. It is
noted that edge k-product cordial labeling is a recent concept, and only a limited study has
been carried out. Future researchers have ample scope to identify the families of graphs
that admit or do not admit edge k-product cordial labeling, and also to investigate the edge
k-product cordial behavior of a larger number of standard graphs.
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Appendix A. The Details About the Labelings for the Proof of Theorem 2
1. Wheng=21>M-2p—4> (4p+2)—2p —4 = 2p — 2, which implies p = 0, 1.
Thatis, m = 2,6.
Ifm=2and M—4<1,then M = 2,3,4,5.
(1) Suppose M = 2 and n > 6. Let a(ujwy) = a(ujwy) = 1, a(uyvy) =
a(uyvy) = 2 and a(uyuy 1) = a(uy_ou, 1) = 0. Then a*(u,_p) = 0. Also,
U (0) =1 = 4+ (1) = v+ (2) = 2. We form a path P,,_, from the unlabeled
edges. We combine « and f,,_; to get an edge 3-product cordial labeling for
DC(n,2,2), where f,_; is defined in the proof of Lemma 3. For2 < n < 5,
the required labeling is shown in Figure A1.

oG S G, W N VEG
O 2 1 2

0 1 2 9 1 2
0—L-02-@ —O—=—00O—=C
@ 1 2 0 1 2
Figure Al. Edge 3-product cordial labelings of DC(2,2,2),DC(3,2,2),DC(4,2,2),and DC(5,2,2).

(ii) Suppose M = 3 and n > 5. Let a(uqwq) = a(ujwp) = 1, a(uyvy) =
a(uyvy) = 2, a(uyvs) = 0 and a(uyu,_1) = 0. Then a*(u,_1) = 0. Also,
U+ (0) =1 = 4+ (1) = v+ (2) = 2. We form a path P,,_; from the unlabeled
edges. Combine a and f,_; to get an edge 3-product cordial labeling for
DC(n,3,2), where f,_1 is defined in the proof of Lemma 3. For2 < n < 4,
the required labeling is shown in Figure A2.

[ 2 1 2
0—2L-GE2-0 @ SLEG) WG < W)
® 0 ® of 0©

1
OW] 2 @

@ LG S (M, SR Gy <6 WGy
o 2

Figure A2. Edge 3-product cordial labeling of DC(2,3,2), DC(3,3,2), and DC(4,3,2).

(iii) Suppose M = 4. If n > 4, then by Remark 1, H = C(n, M — 4) admits an
edge 3-product cordial labeling. So we have to consider only n = 2,3. Let
a(uwy) = a(uqw) = 1, a(uyv1) = a(uyvz) = 2, a(uyvsz) = a(uyvy) = 0.
Also, if n = 2, then a(ujuy) = 1 and if n = 3, then a(uqup) = 1, a(upusz) = 2.
Hence, « is an edge 3-product labeling for DC(n,4,2).

(iv) Suppose M = 5. If n > 3, then by Remark 1, H = C(n, M — 4) admits an edge
3-product cordial labeling. So we have to consider only n = 2. Let a(uqywq) =
a(uwy) = 1, a(uyvy) = a(uyvr) = a(uyvs) = 2, a(upvy) = a(uyvs) =
0,a(u1uy) = 1. Hence, a is an edge 3-product labeling for DC(2,5,2).

Whenm =6, H= C(n, M — 6). If M > 8, then similar to the above case, DC(n, M, 6)

is an edge 3-product cordial. Therefore, we must consider only M = 6,7.

() Suppose M = 6. We have to consider only n = 2, 3. By a similar method for
labeling DC(n, 4,2), we obtain an edge 3-product labeling for DC(n, 6,6).



Mathematics 2025, 13, 3521

16 of 19

(ii) Suppose M = 7. We have to consider only n = 2. By a similar method for

labeling DC(2,5,2), we obtain an edge 3-product labeling for DC(2,7,6).
When g =3, wehavel > M —2p —3 > (4p+3) —2p — 3 = 2p. This implies p = 0
thatis, m = 3. Now, H = C(n, M — 3). We have to consider only M = 3, 4.

(i) Suppose M = 3. We have to consider only n = 2,3. By a similar method for
labeling DC(n,4,2), we obtain an edge 3-product labeling for DC(n, 3, 3).

(ii) Suppose M = 4. We have to consider only #n = 2. By a similar method for
labeling DC(2,7,6), we obtain an edge 3-product labeling for DC(2,4, 3).

When g = 4, wehavel > M —2p—2 > (4p+4) —2p —2 = 2p +2, which is
not possible.

When g =5, wehavel > M —2p —4 > (4p +5) —2p — 4 = 2p + 1. This implies
p = 0 thatis, m = 5. Now H = C(n, M — 4). We need to consider only M = 5 and
n = 2. By a similar method for labeling DC(2,5,2), we obtain an edge 3-product
labeling for DC(2,5,5).

Appendix B. The Details About the Labelings for the Proof of Lemma 8

We define the labeling g : E(C(n,m)) — {1,3} as follows:

Suppose m = 4k > 4. We label u,v; by 1 for 1 < i < 2k and u,v; by 3 for 2k +1 <
i < 4k. Here, the induced vertex label for u, is 1. Also, we label u;, ---u1 by 1, 3, 3,

1 evenly.

Ifn =0 (mod 4), then ¢g*(u1) = 3 and vg: (1) = vg+(3).

Ifn =1 (mod 4), then ¢* (1) = 1 and vg: (1) — 1 = vg+(3).

If n =3 (mod 4), then ¢*(11) = 3 and vg: (1) = vg+(3) — 1.
) )

If n =2 (mod 4), then ¢*(u,) =1 = ¢g*(u1) and vg+ (1) — 2 = vg+(3).

Suppose m =4k +1 > 1. If k > 1, we label u,,v; by 1 for 1 <i < 2k and u,v; by 3 for
2k +1 <i < 4k. Here, the induced vertex label for u,, is 1 (if k > 1) and an edge u,, v,
is not labeled. Label the path vy,u, - - - 17 by 1, 3, 3, 1 evenly. Here, g*(u,) = 3.

If n =3 (mod 4), then ¢* (1) = 3 and vg: (1) = vg+(3).

If n =2 (mod 4), then ¢*(11) = 3 and vg: (1) = vg+(3) — 1.

If n =0 (mod 4), then ¢*(11) = 1 and vg: (1) — 1 = vg+(3).

Ifn =1 (mod 4), then ¢*(11) = 1 and vg: (1) — 2 = vg+(3).

Suppose m = 4k +2 > 2. We label u,v; by 1 for 1 < i < 2k+ 1 and u,v; by 3 for
2k +2 <i < 4k+2; and label u,u, 1 and u,_1u,_» by 3 and 1, respectively. Also, we
label the path u,,_» - - - u1 by 1, 3, 3, 1 evenly. Here, the induced vertex label for u, and
u,_o are 1.

If n =3 (mod 4), then ¢*(11) = 1 and vg+ (1) — vg+(3).

If n =1 (mod 4), then ¢*(11) = 3 and vg: (1) = (3) 1.

If n =2 (mod 4), then ¢*(11) = 3 and vg: (1) = Ug «(3).

If n =0 (mod 4), then ¢* (1) =1 = g*(u1) and vg+ (1) — 2 = v¢+(3).

Suppose m = 4k +3 > 3. We label u,v; by 1 for 1 < i < 2k + 2, u,v; by 3 for
2k+3 <i < 4k+ 3 and u,u,_q by 3. Then ¢*(u,) =1 and g*(u,—1) = 3. We label
the path u,,_1---uj by 1, 3,3, 1 evenly.

Ifn =0 (mod 4), then ¢g*(u1) = 3and vg: (1) = vg+(3) — 1.

Ifn =1 (mod 4), then ¢g*(u1) = 3 and vg: (1) = vg+(3).

Ifn =2 (mod 4), then ¢*(u1) = 1 and vg: (1) — 1 = vg+(3).

Ifn =3 (mod 4), then g* (1) =1 = g*(u1) and vg«(1) — 2 = v+ (3)
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Appendix C. The Details About the Labelings for the Proof of Theorem 4

1.

Suppose m +n = 4N. When m < 2N — 1, we split C(n,m) into two subgraphs,
namely S; = C(n — 2N, m) and Sy = Pon41 with a common vertex uyy 1. Note that,
since N < m + 1, 51 has at least N leaves. When m > 2N — 1, we split C(n, m) into
two subgraphs, namely S, = C(n,m —2N + 1) and S; = Kjpn-_1 with a common
vertex u,. Recall that C(n,0) & P, and C(n,1) & P, 1.

We label N pendant edges of S; by 2 and the remaining N — 1 edges by 0 and
denote this labeling by f. Then ef(2) = ¢f(0) +1 = N, v4(2) = vy+(0) = N and
f*(uan41) = 0.

By Lemmas 7 and 8, we have a labeling g of Sy, which satisfies the conditions (2)
and (3) of Lemma 5.

Suppose m +n = 4N + 1. When m < 2N, we split C(n,m) into two subgraphs,
namely S; = C(n — 2N, m) and S, = PN with a common vertex i,y 1. Note that,
since N < m + 1, Sy has at least N leaves. When m > 2N, we split C(n, m) into
two subgraphs, namely So = C(n,m —2N) and S; = Kj»n with a common vertex
uy. Similar to Case 1, we have the labelings f and g of S; and S, respectively, which
satisfies all the conditions of Lemma 5.

Suppose m +n = 4N + 2. Then, N < m + 2. First, we assume N < m + 1. When
m < 2N, we split C(n,m) into two subgraphs, namely S; = C(n —2N —1,m) and
Sy = PNy with a common vertex uyn 2. Note that, since N < m + 1, S1 has at least
N leaves. When m > 2N, we split the graph C(n,m) into two subgraphs, namely
Sy = C(n,m —2N) and S; = Kj »x with a common vertex ;.

We label N pendant edges of S; by 2 and the remaining N edges by 0. By Lemmas 7
and 8, we have a labeling g of S, satisfying the condition s (2) and (3) of Lemma 5 or
the conditions (b) and (c) of Corollary 4.

Suppose N = m + 2. we split the graph C(n,m) into two subgraphs, namely
51 = C(i’l —2N -2, m) UP, and Sy = upuz---upnis = Ponio such that V(S1) N
V(Sy) = {uan+3,u2}, where P, = ujup. Now label N pendant edges of S1 by 2 and
the remaining N edges by 0. Also, label the edges of Sy by 1,3,3,1 evenly, denoted by g.
Finally, we have u; and uyn 3 are 2-vertices. Consequently, the number of 0-vertices
and 2-vertices are N + 1 and those of 1-vertices and 3-vertices are N.

Suppose m +n = 4N + 3. Then, N < m + 2. First, we assume N < m + 1. When
m < 2N, we split C(n,m) into two subgraphs, namely S; = C(n — 2N — 2,m) and
Sy = Prn+3 with a common vertex uyn+3. When m > 2N, we split C(n, m) into
two subgraphs, namely S, = C(n,m —2N) and S1 = Kj o with a common vertex u,,.
Note that, the order of S; is 2N 4 1. We label N pendant edges of S; by 2 and the
remaining N edges by 0. By Lemmas 7 and 8, we have a labeling g of S, satisfying the
conditions (2) and (3) of Lemma 5 or the conditions (b) and (c) of Corollary 4. We can
check that the number of 0-vertices is N 4 1 and the number of 2-vertices is N.
Suppose N = m + 2. We split C(n, m) into two subgraphs, namely S; = C(n — 2N —
3,m)UP, and Sy = upus - - - upn+4 = Ponys such that V(S1) NV(Sy) = {uonia, U2},
where P» = uquy. Now label N pendant edges of S; by 2 and the remaining N edges
by 0. Also, label the edges of S; by 1,3,3,1 evenly, denoted by g. Finally, we have up
and uyn 14 are 2-vertices. Consequently, the number of O-vertices and 2-vertices are
N + 1; and the number of 1-vertices and 3-vertices are either N or N + 1 and not both.

Appendix D. The Details About the Labelings for the Proof of the
Sufficient Part of Theorem 5

1.

Suppose k = 0,1. We assume that M > N — 1.
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la.  Suppose M + m +n = 4N. We split the graph DC(n, M, m) into two sub-
graphs, namely S; = C(2N — M, M) and S, = C(2N —m + 1,m) with a
common vertex upn_+1. Note that the order of S; and S, are 2N and
2N + 1, respectively.
We label N pendant edges of S; by 2 and the other edges of S; by 0. Conse-
quently, we obtain N 2-vertices and N 0O-vertices. By Lemma 8, we have a
labeling g for Sy such that upn_,+1 is the major vertex. Combine these two
labelings to get the required labeling for DC(n, M, m).

1b.  Suppose M +m +n = 4N + 1. We split DC(n, M, m) into two subgraphs,
namely S; = C(2N — M +1, M) and S; = C(2N — m + 1,m) with a common
vertex upN—_+1. Note that the order of S; and S, are 2N + 1. Similarly to the
Case 1a, we have the required labeling for DC(n, M, m).

2. Suppose k = 2,3. Now, we assume that M > N — 2.

2a. Suppose M +m +n = 4N + 2.
If M > N —1, then we split DC(n, M, m) into two subgraphs, namely
S =C(2N—-M+1,M)and S; = C(2N —m + 2, m) with a common vertex
UpN—m-+2. Note that the orders of S; and S, are 2N + 1 and 2N + 2. Similarly
to Case 1a, we get the required labeling for DC(n, M, m).
If M = N —2, let S be the disjoint union of C(2N — M, M) with P, =
UpN—mUaN—m+1 and Sy is the disjoint union of C(2N — m,m) with P, =
UIN—m+1U2N —m+2-
We label all the N pendant edges in S by 2 and the other N edges by 0. Here,
the induced labels of uyn_y+2, UsN—m+1 and upn_,, are 2. By Lemma 8, we
have a labeling for C(2N — m, m) such that upxn_,, is the major vertex. Now
we label the edge uyn_+1U2N—m+2 by 1 or 3 to have the edge labels evenly.
Hence, we obtain the required labeling.

2b.  Suppose M +m +n = 4N + 3.
If M > N —1, then we split DC(n, M, m) into two subgraphs, namely
S =C(2N —-M+1,M) and S, = C(2N — m + 3,m) with a common vertex
usN—m+3. Note that the orders of S; and S; are 2N + 1 and 2N + 3, respectively.
We label N pendant edges of S; by 2 and the other edges by 0. By Lemma 8,
we have a labeling such that uyn_ ;13 is the major vertex. We combine these
two labelings to obtain the required labeling for DC(n, M, m).
If M = N —2, let S; be the disjoint union of C(2N — M, M) with
Py = upN—m4+2U2N—m+3 and Sy is the disjoint union of C(2N — m + 2, m) with
Py = upN_m+3UaN—m+4. Similarly to Case 2a, we obtain the required labeling
for DC(n, M, m).
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